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Abstract
In this note, we present some existence results for a nonnegative solution and some qualitative properties of the weak periodic-
domain solution related to thin film equation in higher space dimensions.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Following the methods introduced in [9,10,13], we consider the fourth-order degenerate parabolic equation
modeling the evolution of a thin film with periodic-domain conditions
∂h
∂t
= −div(hnγ∇(1h)+ αhn−11h∇h + βhn−2|∇h|2∇h) in QT
h(t, .) is Ω -periodic
h(0, .) = h0 is Ω -periodic and nonnegative
(1)
where Ω = ]−1, 1[N ; N ∈ {1, 2, 3}; QT = Ω×]0, T [; n ∈ [0, 2[; α, β and γ > 0 are constants. This equation is
related to some models in physics such as that of the thin film evolution and was considered by King in [8]. Eq. (1) in
the case α = 0 and β = 0 has been treated frequently in recent years. In particular, for one-dimensional space, Bernis
and Friedman [2] showed the existence of a weak solution under appropriate boundary conditions; moreover, they
proved that such a solution preserves nonnegativity. Bernis [1] investigated the finite speed of propagation property for
nonnegative solutions. In [3], the authors treated the existence and the qualitative behaviour of the solutions according
to the exponent n. For higher space dimensions, some results on existence and qualitative properties of nonnegative
solutions are presented in [4,6,7], under Neumann type conditions, for the case α = β = 0.
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In this note, we consider Eq. (1) for the cases α 6= 0 or (and) β 6= 0 and n ∈ [0, 2[. In this setting we prove the
existence of a global weak solution under periodic-domain conditions and with periodic initial data. We also show
that this solution is nonnegative starting from nonnegative initial data and it has a finite speed of propagation property.
Note that the case n = 1 was considered in [9,10,13].
2. Existence of a nonnegative solution
We shall use standard notation for periodic functions in Sobolev spaces (see for instance [12]). For a real function
v we denote by ∂v
∂t = vt the partial derivative with respect to t . We consider the Sobolev constant given by
αc = inf
w∈H2per(Ω)
w>0
∫
Ω (∆w)
2 dx + (1/22N ) (∫Ω w dx)2∫
Ω
|∇w|4
w2
dx
. (2)
Our main result is the following.
Theorem 2.1. Let (α, β) be such that |α| < αcγ and β 6 0, or |α| > αcγ and β < −(α/2)2, and let n be such that
n ∈
[
6
7
, 2
[
if N = 1
n ∈
[
8
9
,
3
2
[
if N = 2
n ∈
[
16
17
,
4
3
[
if N = 3.
Then for any nonnegative initial data h0 ∈ L2(Ω), a time T > 0 and β < −(α/2)2, the problem (1) possesses at least
a nonnegative weak solution h such that
1. h ∈ L2(0, T ; H2per(Ω)) ∩ C([0, T ]; L1(Ω)-weak); hn−2|∇h|3 ∈ L1(QT \{h = 0}); h
−1
2 |∇h| ∈ L4(QT ).
2. − ∫QT hϕt dx dt−∫Ω h0(x)ϕ(x, 0) dx+γ ∫QT hn∆h∆ϕ dx dt+(nγ −α) ∫QT hn−1∆h∇h∇ϕ dx dt−β ∫QT \{h=0}
hn−2|∇h|2∇h∇ϕ dx dt = 0; ∀ϕ ∈ C1([0, T ];C∞per(Ω));ϕ(., T ) = 0.
3. ht ∈ L1(0, T ; (H4per(Ω))′).
The main ingredient for proving our result is the approximation of (1) for a regularized problem similar to the one
introduced in [9,13,10], namely
∂h
∂t
= −div
(
aδ(h)γ∇(∆h)+ α aδ(h)∆hHε(h,∇h)∇h+ + β
Sδ,ε(h)|∇h|2
Hε(h,∇h) ∇h+
)
on QT
h(t, .) is Ω -periodic
h(0, .) = h0 is Ω -periodic
(3)
where (δ, ε) ∈ ]0, 1[2, δ < ε, and for all σ ∈ R
aδ(σ ) = (σ+ + δ)n; bε(σ ) = σ+ + ε; Tε(σ ) = 1+ εσ 2;
Hε(h,∇h) = bε(h)Tε(∇h); Sδ,ε(σ ) = aδ(σ )bε(σ ) .
Theorem 2.2. Let (α;β) ∈ R2 and n ∈ [0, 2]. Then for any nonnegative initial data h0 ∈ H3per(Ω), there exists at
least one solution h = hδε of (3) in L2(0, T ; H3per(Ω)) ∩ C(0, T ; H sper(Ω)), 0 6 s < 3. The first equation in (3) is
considered in (H1per(Ω))
′ and ht ∈ L2(0, T ; (H1per(Ω))′).
When δ goes to 0, we deduce that there exists a function w ≡ wε satisfying the following convergences:
Lemma 2.1. 1. Sδ,ε(h)−→
δ→0
wn
w+ε a.e. and in C(QT ).
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2. aδ(h)∇h+Hε(h,∇h) −→δ→0
wn∇w
(w+ε)(1+ε|∇w|2) a.e. and L
q(QT )N -strong for all 1 6 q < +∞.
3. |∇h|
2∇h+
Hε(h,∇h) −→δ→0
|∇w|2∇w
(w+ε)(1+ε|∇w|2) a.e. and L
2(QT )N -strong.
4. Fδ,ε(h,∇h,1h) = −α aδ(h)1hHε(h,∇h)∇h+ − β
|∇h+|2Sδ,ε(h)
Hε(h,∇h) ∇h+ ⇀ F0,ε(w,∇w,1w) a.e. and in L2(QT )N -weak when
δ goes to 0, where
F0,ε(w,∇w,1w) = −α w
n1w
Hε(w,∇w)∇w − β
|∇w|2S0,ε(w)
Hε(w,∇w) ∇w.
Lemma 2.2. Let
nN = 67 if N = 1
nN = 89 if N = 2
nN = 1617 if N = 3;
and n be such that nN < n < 2 and (α, β) ∈ R2 with β 6 0. Then, the function w satisfies the following assertions:
1. w ∈ L2(0, T ; H2per(Ω)) ∩ C([0, T ];Cper(Ω));
2. for every ψ ∈ H2per(Ω) we have in D′(0, T )
d
dt
∫
Ω
wψ dx + γ
∫
Ω
wn1w1ψ dx
+ nγ
∫
Ω
wn−11w∇w∇ψ dx +
∫
Ω
F0,ε(w,∇w,1w)∇ψ dx = 0;
3. w > 0;w(0) = h0ε > 0;
4. wt ∈ L2(0, T ; (H2per(Ω))′).
Lemma 2.3. Let 0 6 n 6 nN and (α, β) ∈ R2 with β 6 0. The function w satisfies the following assertions:
1. w ∈ L2(0, T ; H2per(Ω)) ∩ C([0, T ];Cper(Ω));
2. for every ψ ∈ C∞c (QT \{w = 0}) we have
− d
dt
∫
QT
wψt dx dt + γ
∫
QT
wn1w1ψ dx dt
+ nγ
∫
QT
wn−11w∇w∇ψ dx dt +
∫
QT
F0,ε(w,∇w,1w)∇ψ dx dt = 0;
3. w > 0;w(0) = h0ε > 0;
4. wt ∈ L2(0, T ; (H2per(Ω))′).
Nowwe give some results for uniform boundedness in L2(0, T ; H2per(Ω)) (as ε −→ 0) of the solution when n ∈ [0, 2[.
Lemma 2.4. Suppose that |α| < αcγ and β 6 0. There exists c(h0) depending on the initial data h0 such that
1. ddt
∫
Ω φ0(w) dx + µc
∫
Ω (1w)
2 dx − β ∫Ω |∇w|4(w+ε)2(1+ε|∇w|2) dx 6 c(h0);
2.
∫ T
0
∫
Ω (1w)
2 dx dt 6 c(h0)
µc
;
where µc = γαc−2|α|αc and for σ > 0: φ0(σ ) = 1(1−n)(2−n)σ 2−n − σ1−n + 12−n if n 6= 1 and φ0(σ ) = σ ln σ − σ + 1 if
n = 1.
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Lemma 2.5. Suppose that |α| > αcγ and β < −(α/2)2. For all ν > 0 such that 0 < ν < 2 then, in D′(0, T ),
w = wε satisfies
d
dt
∫
Ω
φ0(w) dx +
(
γ − νγ
2
) ∫
Ω
|1w|2 dx −
(
β + α
2
2ν
)∫
Ω
|∇w|4
(w + ε)2(1+ ε|∇w|2) dx 6 0. (4)
By some classical arguments and compactness results [11,12] there exists a nonnegative function h such that
1. wε ⇀ h in L2(0, T ; H2per(Ω))-weak.
2. wε −→ h in L2(0, T ; H sper(Ω))-strong for 0 6 s < 2.
3. wε(x, t) −→ h(x, t) and ∇wε(x, t) −→ ∇h(x, t) a.e. in QT .
We show that h is a weak solution when n is as in Theorem 2.1. If wε remains in a bounded set of L∞(0, T ; LN (Ω))
then h is a weak solution for n < 2.
3. Qualitative property
In this section we present the finite speed of propagation property of a weak solution for (1) using the method
initiated by Bernis [1] for one-dimensional space and adapted by Bertsch et al. [4] for higher dimension.
Definition 3.1 (See [1,4]). Let h : QT −→ R be such that h(., 0) = h0. We say that h has the finite speed of
propagation property if for h0 ≡ 0 a.e. in the ball Br0(b) ⊂ Ω (r0 > 0) there exists a time T ∗ ∈]0, T [ and a
continuous function r(t) : [0, T ∗) −→ R+ such that r(0) = r0 and h ≡ 0 for all t ∈ [0, T ∗) and x ∈ Br(t)(b).
Theorem 3.1. Suppose that N = 1, (α, β) ∈ R2; β < −(α/2)2 and n ∈ [1, 2[. If h is the weak solution of (1) as a
limit of w then h has the finite speed of propagation property.
More results and details will be given in [5].
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